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ALMOST FLAT RELATIVE VECTOR BUNDLES AND THE
ALMOST MONODROMY CORRESPONDENCE
YOSUKE KUBOTA
Abstract. In this paper we introduce the notion of almost flatness for
(stably) relative bundles on a pair of topological spaces and investigate
basic properties of it. First, we show that almost flatness of topological
and smooth sense are equivalent. This provides a construction of an al-
most flat stably relative bundle by using the enlargeability of manifolds.
Second, we show the almost monodromy correspondence, that is, a cor-
respondence between almost flat (stably) relative bundles and (stably)
relative quasi-representations of the fundamental group.
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1. Introduction
The notion of almost flat bundle provides a geometric perspective on the
higher index theory. It was introduced by Connes–Gromov–Moscovici [CGM90]
for the purpose of proving the Novikov conjecture for a large class of groups.
The original definition is given in terms of curvature of vector bundles, and
hence requires a smooth manifold structure for the base space. Another
definition of almost flat bundle is given in [MT05, Section 2], which make
sense for bundles on simplicial complexes. The equivalence of these two
definitions is studied in [Hun16].
Its central concept is the almost monodromy correspondence, that is, the
correspondence between almost flat bundles and quasi-representations of
the fundamental group. This almost one-to-one correspondence has been
studied in various contexts such as [CH90,MM01, Dad14, CD18]. It plays
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58J32.
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an important role in the work of Hanke–Schick [HS06,HS07], which bridges
the C*-algebraic and geometric approaches to the Novikov conjecture and
the Gromov–Lawson–Rosenberg conjecture.
The aim of paper is to consider a similar problem for manifolds with
boundary. For a pair of topological spaces (X,Y ), we introduce the notion
of almost flatness for representatives of the relative K0-group K0(X,Y ).
Our definition is inspired from the one suggested in [Gro96] and [Lis13],
but slightly different (a major difference is to treat stably relative bundles
instead of relative bundles).
There are two main conclusions of this paper. The first, Theorem 4.10,
is the comparison of topological and smooth almost flat bundles, a relative
analogue of the result of [Hun16]. This theorem has an application to the
index theory of (area-)enlargeable manifolds. Gromov–Lawson [GL83] and
Hanke–Schick [HS07] constructs an almost flat bundle of Hilbert C*-modules
with non-trivial index on an enlargeable spin manifold. In this paper we
consider a relative counterpart of this idea for a Riemannian manifold M
with boundary ∂M such that the complete Riemannian manifold M∞ :=
M ⊔∂M ∂M × [0,∞) is area-enlargeable. We construct a stably relative
bundle of Hilbert C*-modules on (M,∂M) with non-trivial index pairing by
applying the construction of Gromov–Lawson and Hanke–Schick (Theorem
5.1).
The second, Theorem 6.12, is the almost monodromy correspondence
in the relative setting. For a pair (Γ,Λ) of discrete groups with a homo-
morphism φ : Λ → Γ, we introduce the notion of (stably) relative quasi-
representation as two quasi-representations on Γ whose composition with
φ are stably unitary equivalent up to small ε > 0. Following the work of
Carrio´n and Dadarlat [CD18], we establish an almost monodromy correspon-
dence between almost flat relative bundles and relative quasi-representations
of the pair of fundamental groups. This correspondence plays an important
role in the paper [Kub19], which bridges the index pairing with almost flat
stably relative bundles and Chang–Weinberger–Yu relative higher index. In
particular, the almost flat stably relative bundle constructed in Theorem
5.1 is used in [Kub19, Section 3.2] to show the non-vanishing of the Chang–
Weinberger–Yu relative higher index through the almost monodromy corre-
spondence.
In this paper we consider not only relative vector bundles (or Karoubi
triples) but also its refinement, stably relative vector bundles, as a repre-
sentative of the relative K0-group and sometimes compare them. A stably
relative vector bundle on (X,Y ) is a pair of vector bundles on X identified
by a stable unitary isomorphism on Y (for a more precise definition, see
Definition 2.1). There are two reasons to consider stably relative bundles.
The first is related with the enlargeable manifolds. What is obtained from
the enlargeability of M∞ is not a relative but a stably relative bundle. The
second is related with the almost monodromy correspondence. As is pointed
out in Remark 6.3, relative quasi-representation of (Γ,Λ) is the same thing
as that of (Γ, φ(Λ)). That is, relative quasi-representation does not capture
any information of kerφ.
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This paper is organized as follows. In Section 2, we introduce the notion of
stably relative bundle and show that it represents an element of the relative
K0-group. In Section 3, we introduce the definition of the almost-flatness for
stably relative bundles. In Section 4, we compare the topological and smooth
almost flatness and applies this to enlargeable manifolds. In Section 5, we
apply the result of Section 4 to a construction of an almost flat sequence of
stably relative bundles on a enlargeable manifold with boundary. In Section
6, we define the relative analogue of group quasi-representations and shows
the almost monodromy correspondence.
Throughout this paper, we treat bundles of (finitely generated projec-
tive) Hilbert C*-modules. This general treatment is useful for generalizing
Hanke–Schick theorem for a generalized notion of enlargeability introduced
in [HS07] by using infinite covers.
Acknowledgment. The author would like to thank Yoshiyasu Fukumoto
for introducing him to this topic. This work was supported by RIKEN
iTHEMS Program.
2. Relative and stably relative bundles
In this section we introduce the definition of stably relative vector bundles
and bundles of Hilbert C*-modules as a representative of relative K0-group.
Throughout this section A denotes a unital C*-algebra and P,Q denote
finitely generated projective Hilbert A-modules.
Let (X,Y ) be a pair of compact Hausdorff spaces. The relative K-group
K0(X,Y ) is defined as the Grothendieck construction of the monoid of equiv-
alence classes of triples (E1, E2, u), where E1 and E2 are vector bundles on
X and u is an isomorphism E1|Y → E2|Y ([Kar08, Chapter II, 2.29]). In
this paper we call such triple a relative vector bundle. Now we modify this
description of the group K0(X,Y ). For a unital C*-algebra A, we define the
relative K0-group with coefficient in A by K0(X,Y ;A) := K0(C0(X
◦)⊗A),
where X◦ denotes the interior X \ Y .
Definition 2.1. A stably relative bundle on (X,Y ) with the typical fiber
(P,Q) is a quadruple (E1, E2, E0, u), where E1 and E2 are P -bundles on X,
E0 is a Q-bundle on Y and u is a unitary bundle isomorphism E1|Y ⊕E0 →
E2|Y ⊕ E0.
A stably relative bundle of Hilbert C-modules with the typical fiber
(Cn,Cm) is simply called a stably relative vector bundle of rank (n,m).
We say that stably relative bundles (E1, E2, E0, u) and (E
′
1, E
′
2, E
′
0, u
′)
are isomorphic if there are unitary isomorphisms Ui : Ei → E
′
i for i = 0, 1, 2
such that diag(U2|Y , U0)u = u
′ diag(U1|Y , U0). Let Bdls(X,Y ;A) denote the
set of isomorphism classes of stably relative bundles of finitely generated
projective Hilbert A-modules. We consider the equivalence relation ∼ on
Bdls(X,Y ;A) generated by
• (E1, E2, E0, u) ∼ (E
′
1, E
′
2, E
′
0, u
′) if they are homotopic, that is, there
is a stably relative vector bundle (E˜1, E˜2, E˜0, u˜) on (X[0, 1], Y [0, 1])
whose restriction to (X × {0}, Y × {0}) and (X × {1}, Y × {1}) are
isomorphic to (E1, E2, E0, u) and (E
′
1, E
′
2, E
′
0, u
′) respectively,
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• (E1, E2, E0, u) ∼ (0, 0, E1|Y ⊕ E0, (v|Y ⊕ 1E0)
∗u) if v is a unitary
isomorphism from E1 to E2, and
• (0, 0, E0, 1E0) ∼ 0.
The summation [E1, E2, E0, u] + [E
′
1, E
′
2, E
′
0, u
′] := [E1 ⊕ E
′
1, E2 ⊕ E
′
2, E0 ⊕
E′0, u⊕u
′] makes the set Bdls(X,Y ;A)/ ∼ into an abelian monoid. Moreover,
[E1, E2, E0, u] has the inverse [E2, E1, E0, u
∗].
Lemma 2.2. The group Bdls(X,Y ;A)/ ∼ is isomorphic to the relative K
0-
group K0(X,Y ;A).
Proof. In the proof, we write as K¯0(X,Y ;A) := Bdls(X,Y ;A)/ ∼. Let
ρ : (C0(X
◦)⊗A)+ → C denote the quotient. We define the map κ : K0(X,Y ;A)→
K¯0(X,Y,A) by
κ([p] − [1n]) = [p(A
N
X), A
n
X , 0, 1n]
for a projection p ∈MN ((C0(X)⊗A)
+) with ρ(p) = 1n.
For a compact space X, let K∗(X;A) := K∗(C(X)⊗A). Let i
∗ : C(X)→
C(Y ) denote the restriction and let j : C0(X
◦)→ C(X) denote the inclusion.
Consider the homomorphisms
∂¯ : K1(Y ;A)→ K¯0(X,Y ;A), ∂¯[u] = [0, 0, AnY , u],
j¯∗ : K¯
0(X,Y ;A)→ K0(X;A), j¯∗[E1, E2, E0, u] = [E1]− [E2].
Actually, the equivalence relation ∼ is defined in such a way that ∂¯ and j¯
are well-defined and the second row of the commutative diagram
K1(X;A)
i∗ // K1(Y ;A)
∂ // K0(X,Y ;A)
j∗ //
κ

K0(Y ;A)
i∗ // K0(X;A)
K1(X;A)
i∗ // K1(Y ;A)
∂¯ // K¯0(X,Y ;A)
j¯∗ // K0(X;A)
i∗ // K0(Y ;A)
is exact (for the exactness at K1(Y ;A), note that [0, 0, AnY , 1] = [A
n
X , A
n
X , 0, 1] =
[0, 0, AnY , u] if u ∈ U(C(Y ) ⊗ A ⊗Mn) is extended to a unitary in C(X) ⊗
A⊗Mn). Now the lemma follows from the five lemma. 
3. Almost flatness for (stably) relative bundles
In this section we introduce the notion of ε-flatness for stably relative
bundles of Hilbert A-modules. Let us recall the definition of almost flat
bundle on a topological space introduced in [MT05].
Definition 3.1. Let X be a locally compact space with a finite open cover
U := {Uµ}µ∈I . For a finitely generated Hilbert A-module P , a U(P )-valued
Cˇech 1-cocycle v = {vµν}µ,ν∈I on U is an (ε,U)-flat bundle on X with the
typical fiber P if ‖vµν(x)− vµν(y)‖ < ε for any x, y ∈ Uµν := Uµ ∩ Uν .
We write Bdlε,UP (X) for the set of (ε,U)-flat bundles with the typical fiber
P . For v ∈ Bdlε,UP (X), we write Ev for the underlying P -bundle.
Remark 3.2. For the latter use we realize the bundle Ev as a subbundle
of the trivial bundle X × Pn. Let {ηµ}µ∈I be a family of positive con-
tinuous functions on X such that
∑
µ∈I η
2
µ = 1 and let eµν ∈ MI denotes
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the matrix element, i.e., eµνeσ = δν,σeµ where eµ is the standard basis of
C
I ∼= Hom(C,CI). Let
pv(x) :=
∑
µ,ν
ηµ(x)ην(x)vµν(x)⊗ eµν ∈ C(X)⊗ B(P )⊗MI ,
ψvµ(x) :=
∑
ν
ην(x)vνµ(x)⊗ eν ∈ Cb(Uµ)⊗ B(P )⊗ C
I .
Here we regard ψvµ(x) as a bounded operator between Hilbert A-modules
P and P ⊗ CI and consider its adjoint ψvµ(x)
∗ =
∑
ην(x)vνµ(x)
∗ ⊗ e∗ν ,
where {e∗ν}ν∈I ⊂ Hom(C
I ,C) is the dual basis of {eν}. Then we have
pv(x)ψ
v
µ(x) = ψµ(x) for x ∈ Uµ and ψ
v
µ(x)
∗ψvν (x) = vµν(x) for x ∈ Uµν .
That is, pv is a projection with the supportEv and ψ
v
µ is a local trivialization
of Ev.
Definition 3.3. For two (ε,U)-flat bundles v1 = {v
1
µν} and v2 = {v
2
µν}, a
morphism of (ε,U)-flat bundles is a family of unitaries u = {uµ}µ∈I ∈ U(P )
I
such that
sup
µ,ν∈I
sup
x∈Uµν
‖uµv
1
µν(x)u
∗
ν − v
2
µν(x)‖ < ε.
We write Homε(v1,v2) for the set of morphisms of ε-flat bundles. Moreover,
for u ∈ Homε(v1,v2) and δ > 0, let
Gδ(u) :=
{
{u¯µ : Uµ → U(P )}µ∈I |
u¯µ(x)v
1
µν(x)u¯ν(x)
∗ = v2µν(x),
‖u¯µ(x)− uµ‖ < δ
}
.
For u¯ ∈ Gδ(u), we use the same symbol u¯ for the induced unitary isomor-
phism u¯ : Ev1 → Ev2 .
Lemma 3.4. There is a constant C1 = C1(U) > 0 depending only on the
open cover U such that the following hold. Let 0 < ε < (3C1)
−1, v1,v2 ∈
Bdlε,UP (X) and u ∈ Homε(v1,v2).
(1) The set GC1ε(u) is non-empty.
(2) The inclusion GC1ε(u)→ G3C1ε(u) is homotopic to a constant map.
Proof. By replacing v1 with u · v1 := {uµv
1
µνu
∗
ν}µ,ν∈I , we may assume that
uµ = 1 for any µ ∈ I, that is, ‖v
1
µν(x) − v
2
µν(x)‖ < ε. Let pv and ψ
v
µ be as
in Remark 3.2.
Set C1 := |I|
2 + 1 (then |I|2ε < 1/3). By the triangle inequality, we have
‖pv1 − pv2‖ ≤ sup
x∈X
∑
µ,ν
ηµ(x)ην(x)‖v
1
µν(x)− v
2
µν(x)‖ < |I|
2ε(3.5)
and hence
‖pv1pv2pv1 − pv1‖ = ‖pv1(pv1 − pv2)pv1‖ < |I|
2ε.(3.6)
Let us regard pv1pv2pv1 as an element of the corner C*-algebra pv1(C(X)⊗
B(P )⊗MI)pv1 . Then the above inequality implies that
σ(pv1pv2pv1) ⊂ [1− |I|
2ε, 1 + |I|2ε] ⊂ [2/3, 4/3]
and especially pv1pv2pv1 is invertible.
Now we consider the polar decomposition of the bounded operator
pv2pv1 : pv1(C(X)⊗ P ⊗ C
I)→ pv2(C(X)⊗ P ⊗ C
I),
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which is invertible since so is (pv2pv1)
∗pv2pv1 = pv1pv2pv1 . Then the unitary
component w := pv2pv1(pv1pv2pv1)
−1/2 satisfies w∗w = pv1 and ww
∗ = pv2 .
We remark that ‖(pv1pv2pv1)
−1/2 − pv1‖ ≤ |I|
2ε holds. Indeed, we have
|(t−1/2 − 1)′| = | − t−3/2/2| ≤ 1 on [2/3, 4/3], and hence |t−1/2 − 1| ≤ |I|2ε
on [1− |I|2ε, 1 + |I|2ε]. Therefore we obtain that
‖w(x) − pv2pv1‖ = ‖pv2pv1((pv1pv2pv1)
−1/2 − pv1)‖ < |I|
2ε.(3.7)
Now we define the family {u¯µ}µ∈I as
u¯µ(x) := (ψ
v2
µ (x))
∗w(x)ψv1µ (x).
This {u¯µ} is contained in GC1ε(u) since
u¯µ(x)v
1
µν(x)u¯ν(x)
∗ =ψv2µ (x)
∗w(x)ψv1µ (x)ψ
v1
µ (x)
∗ψv1ν (x)ψ
v1
ν (x)
∗w(x)∗ψv2ν (x)
=ψv2µ (x)
∗ψv2ν (x) = v
2
µν(x)
and
‖u¯µ(x)− 1‖ ≤ ‖(ψ
v2
µ (x))
∗(w(x) − pv2pv1)ψ
v1
µ (x)‖+ ‖(ψ
v2
µ (x))
∗ψv1µ (x)− 1‖
< |I|2ε+
∥∥∥∑
µ
ηµ(x)
2(v2νµ(x)
∗v1νµ(x)− 1)
∥∥∥
< (|I|2 + 1)ε = C1ε.
To see (2), let us fix u¯ = {u¯µ} ∈ GC1ε(u). Let B denote the C*-algebra{
{hµ}µ∈I ∈
∏
µ∈I
Cb(Uµ,B(P )) | vνµ(x)hµ(x)vµν(x) = hν(x) ∀x ∈ Uµν
}
and let Bsa,r := {b ∈ B | b = b
∗, ‖b‖ < r} for r > 0. Set δ := 4 sin−1(C1ε/2).
Then, e({hµ}) := {u¯µe
ihµ}µ∈I gives a continuous map e : Bsa,δ → G3C1ε(u).
Moreover, since any u¯′ ∈ GC1ε(u) satisfies ‖u¯µ − u¯
′
µ‖ < 2C1ε, we have
u¯′ = e(−i log(u¯∗µu¯
′
µ)). That is, we obtain
GC1ε(u) ⊂ e(Bsa,δ) ⊂ G3C1ε(u).
Now we get the conclusion since e(Bsa,δ) is contractible. 
For an open cover U of X and a closed subset Y ⊂ X, we write U|Y for
the open cover {Uµ ∩ Y }µ∈IY of Y , where IY := {µ ∈ I | Uµ ∩ Y 6= ∅}. For
a Cˇech 1-cocycle v on U , we write v|Y for the restriction {uµ|Uµ∩Y }µ∈IY .
Definition 3.8. Let (X,Y ) be a pair of compact spaces with a finite open
cover U = {Uµ}µ∈I . An (ε,U)-flat stably relative bundle on (X,Y ) with the
typical fiber (P,Q) is a quadruple v := (v1,v2,v0,u), where
• v1 and v2 are (ε,U)-flat P -bundle on X,
• v0 is a (ε,UY )-flat Q-bundle on Y and
• u ∈ Homε(v1|Y ⊕ v0,v2|Y ⊕ v0).
We write the set of (ε,U)-flat stably relative bundles on (X,Y ) with the
typical fiber (P,Q) as Bdlε,UP,Q(X,Y ).
In the particular case that Q = 0, we simply call a triple v = (v1,v2,u)
an (ε,U)-flat relative bundle and write as v ∈ Bdlε,UP (X,Y ). Our primary
concern is a (ε,U)-flat stably relative vector bundle, that is, a (ε,U)-flat
stably relative bundle of Hilbert C-modules with the typical fiber (Cn,Cm).
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Definition 3.9. For 0 < ε < (3C1)
−1, we associate the K-theory class
[v] := [Ev1 , Ev2 , Ev0 , u¯] ∈ K
0(X,Y ;A)
to v = (v1,v2,v0,u) ∈ Bdl
ε,U
P,Q(X,Y ), where u¯ is an arbitrary element of
GC1ε(u).
This definition is independent of the choice of u¯ by Lemma 3.4 (2).
Remark 3.10. The associated K-theory class in Definition 3.16 depends only
on unitary the equivalence class of v. For v ∈ Bdlε,UP (X) and u ∈ U(P )
I ,
we say that
u · v := {uµvµνu
∗
ν}µ,ν∈I
is unitary equivalent to v. Since v and u · v are cohomologous as Cˇech
1-cocycles, Ev and Eu·v determine the same K-theory class. Similarly, we
say that v ∈ Bdlε,UP,Q(X,Y ) is unitary equivalent to u ·v := (u1 ·v1,u2 ·v2,u0 ·
v0, u · u) for u := (u1,u2,u0) ∈ U(P )
I ×U(P )I ×U(Q)I , where
u · u := {diag(u1,µ, u2,µ, u0,µ)uµ diag(u1,µ, u2,µ, u0,µ)
∗}µ∈IY .
Then u induces an isomorphism of the underlying stably relative bundles.
In particular we have [v] = [u · v] ∈ K0(X,Y ;A).
Next, we define the (resp. stably) almost flat K0-group K
0
af(X,Y ;A) (resp.
K0s-af(X,Y ;A)) as subgroups of K
0(X,Y ;A) and study their permanence
property with respect to the pull-back. The discussion is inspired from the
work by Hunger [Hun16].
Let us fix a point xµν ∈ Uµν for each µ, ν ∈ I with Uµν 6= ∅ in the way
that xµν = xνµ.
Lemma 3.11. Let µ, ν, σ ∈ I such that Uµνσ := Uµ ∩ Uν ∩ Uσ 6= ∅. Then,
for v ∈ Bdlε,UP (X), we have
‖vµν(xµν)vνσ(xνσ)− vµσ(xµσ)‖ < 3ε.
Proof. Let us choose a point x ∈ Uµνσ. Then,
‖vµν(xµν)vνσ(xνσ)− vµσ(xµσ)‖
<‖vµν(xµν)vνσ(xνσ)− vµν(x)vµσ(x)‖+ ‖vµσ(xµσ)− vµσ(x)‖
<2ε+ ε = 3ε. 
Lemma 3.12. Let X be a locally compact space with π1(X) = 0 and let U be
its finite good open cover. Then, there is a constant C2 = C2(U) depending
only on U such that HomC2ε(1,v) is non-empty for any v ∈ Bdl
ε,U
P (X).
Proof. Let NU denote the nerve of U . For µ, ν ∈ I with Uµν 6= ∅, we write
〈µ, ν〉 for the corresponding 1-cell of NU whose direction is from ν to µ.
Let us fix a maximal subtree T of NU and a reference point µ0 ∈ I. Then,
for each µ ∈ I there is a unique minimal oriented path ℓµ in T from µ0 to
µ. Since U is an good open cover, X is homotopy equivalent to NU and in
particular we have π1(NU ) = 0. Therefore, the closed loop ℓ
−1
µ ◦ 〈µ, ν〉 ◦ ℓν
is written of the form
Cµν∏
i=1
ℓ−1νi ◦ 〈µi, σi〉 ◦ 〈σi, νi〉 ◦ 〈νi, µi〉 ◦ ℓνi ,(3.13)
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where each µi, νi, σi ∈ I satisfies Uµiνiσi 6= ∅ (that is, {µi, νi, σi} is a 2-cell
of NU ).
For each µ ∈ I, let µ1, . . . , µk ∈ I be the 0-cells of T such that ℓµ :=
〈µk, µk−1〉 ◦ · · · ◦ 〈µ1, µ0〉 and set
uµ := vµkµk−1(xµkµk−1)vµk−1µk−2(xµk−1µk−2) . . . vµ1µ0(xµ1µ0).(3.14)
By Lemma 3.11 and (3.13), we get
‖uµvµνu
∗
ν − 1‖ < 3Cµνε.
Now the proof is completed by choosing C2(U) := 3maxµ,ν∈I Cµν . 
Proposition 3.15. Let U = {Uµ}µ∈I be a finite good open cover of X.
Assume that there is a subset J ⊂ I such that V := {Uµ}µ∈J also covers X.
Then there is a constant C3 = C3(U ,V) depending only on U and V such
that the following hold.
(1) For any v ∈ Bdlε,VP (X) there is v˜ = {v˜µν}µ,ν∈I ∈ Bdl
C3ε,U
P (X) such
that v˜µν = vµν for any µ, ν ∈ J .
(2) Let v,v′ ∈ Bdlε,VP (X) with v˜, v˜
′ ∈ BdlC3ε,UP (X) constructed in (1).
For u ∈ Homε(v,v
′), there is u˜ ∈ Hom(4C3+1)ε(v˜, v˜
′) such that
u˜µ = uµ for any µ ∈ J .
Proof. For σ ∈ I \ J , let Uσ be the open cover {Uσ ∩ Uµ}µ∈I of Uσ. Let
Cσ := C1(Uσ)C2(Uσ), where C1(Uσ) and C2(Uσ) are the constants as in
Lemma 3.4 and Lemma 3.12 respectively. Let C3(U ,V) := 2maxσ∈I\J Cσ.
First we show (1). For σ ∈ I \ J , we apply Lemma 3.12 to the restriction
v|Uσ = {v
σ
µν := vµν |Uµσ} to get a morphism u
σ ∈ HomC2(Uσ)ε(1,v|Uσ ). Let
u¯ ∈ GC1(Uσ)C2(Uσ)ε(u). Then, v˜ := {v˜µν}µ,ν∈I defined by
v˜µν(x) :=


vµν(x) if µ, ν ∈ J ,
uµν (x) if µ ∈ J and ν 6∈ J ,
uσν (x)
∗uσµ(x) if µ, ν 6∈ J.
is a desired Cˇech 1-cocycle.
Next we show (2). For each µ ∈ I \ J , we fix σµ ∈ J such that Uµσµ 6= ∅.
Let
u˜µ := v˜
′
µσµ(xµσµ)uσµ v˜µσµ(xµσµ)
∗.
Then,
‖u˜µv˜µσµ(x)u˜
∗
σµ − v˜
′
µσµ(x)‖
<‖u˜µv˜µσµ(x)u˜
∗
σµ − u˜µv˜µσµ(xµσµ)u˜
∗
σµ‖+ ‖v˜
′
µσµ(xµσµ)− v˜
′
µσµ(x)‖
<2C3ε
and hence
‖u˜µv˜µν(x)u˜
∗
ν − v˜
′
µν(x)‖
≤‖u˜µv˜µσµ(x)u˜
∗
σµ − v˜
′
µσµ(x)‖ + ‖u˜σµ v˜σµσν (x)u˜
∗
σν − v˜
′
σµσν (x)‖
+ ‖u˜σν v˜σνν(x)u˜
∗
ν − v˜
′
σνν(x)‖
<(4C3 + 1)ε. 
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Let (X,Y ) be a pair of finite CW-complexes. In this paper we call U
a good open cover of the pair (X,Y ) if it is a good open cover of X such
that U|Y is also a good open cover of Y . Such an open cover exists because
(X,Y ) is homotopy equivalent to a pair of finite simplicial complexes. For a
pair of simplicial complexes, the family of open star neighborhoods of 0-cells
satisfies the desired property.
Definition 3.16. Let (X,Y ) be a pair of finite CW-complex and let U be
a finite good open cover of (X,Y ). An element ξ ∈ K0(X,Y ;A) is (resp.
stably) almost flat with respect to U if for any ε > 0 there is a (ε,U)-flat
(resp. stably) relative vector bundle v of finitely generated projective Hilbert
A-modules such that x = [v].
Corollary 3.17. The subgroup consisting of all (resp. stably) almost flat
elements of K0(X,Y ;A) is independent of the choice of good open covers.
We write K0af(X,Y ;A) (resp. K
0
s-af(X,Y ;A)) for the subgroup of (resp.
stably) almost flat elements.
Proof. Let U and V be two open covers and W := U ∪ V. Assume that
ξ ∈ K0(X,Y ;A) is represented by an (ε,U)-flat stably relative vector bundle
v = (v1,v2,v0,u). By Proposition 3.15 (1), we get (C3ε,W)-flat bundles
w1, w2 and w0. Moreover, by Proposition 3.15 (2), u can be extended to
u˜ ∈ Hom(4C3+1)ε(w1|Y ⊕w0,w2|Y ⊕ w0). Finally, its restriction to V is a
((4C3 + 1)ε,V)-flat stably relative bundle representing ξ. 
Corollary 3.18. Let f be a continuous map from (X1, Y1) to (X2, Y2). If ξ ∈
K0(X2, Y2;A) is almost flat, then so is f
∗ξ ∈ K0(X1, Y1;A). In particular,
the subgroups K0af(X,Y ;A) and K
0
s-af(X,Y ;A) are homotopy invariant.
Proof. Let v = (v1,v2,v0,u) ∈ Bdl
ε,U
P,Q(X,Y ) be a (ε,U)-flat representative
of ξ. Let us choose a good open cover V = {Vν}ν∈J of (X,Y ) which is
a subdivision of f∗U . Let f¯ : J → I be a map with the property that
Vν ⊂ f
∗Uf(ν). Then, f
∗
v := (f∗v1, f
∗v2, f
∗v0, f
∗u) defined as f∗vi :=
{f∗vf¯(µ),f¯(ν)}µ,ν∈J for i = 0, 1, 2 and f
∗u := {uf¯(µ)}µ∈J is a (ε,V)-flat bundle
on (X1, Y1) representing f
∗ξ. By Corollary 3.17, f∗ξ is almost flat with
respect to an arbitrary good open cover of (X1, Y1). 
Finally we define the infiniteness of (C*)-K-area for a relative K-homology
cycle as a generalization of non-relative case introduced in [Gro96,Han12],
which is also independent of the choice of good open cover U by Proposition
3.15 in the same way as (the proof of) Corollary 3.17.
Definition 3.19. Let (X,Y ) be a finite CW-complex and let ξ ∈ K0(X,Y ).
(1) We say that ξ has infinite (resp. stably) relative K-area if there is an
(resp. stably) almost flat K-theory class x ∈ K0(X,Y ) such that the
index pairing 〈x, ξ〉 is non-zero.
(2) Let U be a good open cover of (X,Y ). We say that ξ has infinite
(resp. stably) relative C*-K-area if for any ε > 0 there is a C*-
algebra Aε and a (resp. stably) relative (ε,U)-flat bundle v of finitely
generated projective Hilbert Aε-modules such that the index pairing
〈[v], ξ〉 ∈ K0(Aε) is non-zero.
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A compact spin manifold M with the boundary N has (stably) relative
(C*-)K-area if so is the K-homology fundamental class [M,N ] ∈ K∗(M,N).
4. Comparing topological and smooth almost flatness
The notion of almost flat bundle is originally introduced in [CGM90]
in terms of Riemannian geometry of connections in the following way. Let
(M,g) be a compact Riemannian manifold with a possibly non-empty bound-
ary. A pair e = (E,∇) is a smooth (ε, g)-flat vector bundle on M if E is a
hermitian vector bundle on M and ∇ is a hermitian connection on E whose
curvature tensor R∇ ∈ Ω2(M,EndE) satisfies
‖R∇‖ := sup
x∈M
sup
ξ∈
∧2 TxM\{0}
‖R∇(ξ)‖End(Ex)
‖ξ‖
< ε.
An element x ∈ K0(M) is said to be almost flat (in the smooth sense)
if for any ε > 0 there is a pair of smooth (ε, g)-flat vector bundles e1 =
(E1,∇1) and e2 = (E2,∇2) such that x = [E1] − [E2]. It is proved in
[Lis13, Proposition 3] that almost flatness of an element of the K0-group is
independent of the choice of the Riemannian metric g on M .
Definition 4.1. For two smooth (ε, g)-flat vector bundles e1 and e2 on
(M,g), a morphism of smooth (ε, g)-flat bundles from e1 to e2 is a unitary
bundle isomorphism u : E1 → E2 with
‖u∇1u
∗ −∇2‖Ω1 < ε,
where ‖ · ‖Ω1 is the uniform norm on Ω
1(M,End(E2)).
Definition 4.2. Let (M,g) be a compact Riemannian manifold with the
boundary N . For n ≥ 1 and m ≥ 0, a smooth (ε, g)-flat stably relative vector
bundle of rank (n,m) on (M,N) is a quadruple e = (e1, e2, e0, u), where
• e1 = (E1,∇1) and e2 = (E2,∇2) are rank n smooth (ε, g)-flat vector
bundles on M ,
• e0 = (E0,∇0) is a rank m smooth (ε, g)-flat vector bundle on N and
• u : e1|N ⊕ e0 → e2|N ⊕ e0 is a morphism of (ε, g)-flat bundles.
In the particular case of m = 0, we simply call a triplet e = (e1, e2, u) a
smooth (ε, g)-flat relative vector bundle of rank n.
We write [e] for the element of K0(X,Y ) represented by the underlying
stably relative vector bundle (E1, E2, E0, u).
Lemma 4.3. Let (M,g) be a Riemannian manifold and let x, y ∈ C∞(M,Mn)
whose spectra (as elements of C(M)⊗Mn) are included to a domain D ⊂ C.
Let γ be the boundary of a domain D′supsetD¯ and let f be a holomor-
phic function defined on a neighborhood of D′. Then there is a constant
C4 = C4(g,D, γ, f) depending only on g, D, γ and f such that
‖d(f(x)− f(y))‖Ω1 ≤ C4(‖dx‖Ω1‖x− y‖+ ‖dx− dy‖),
where ‖ · ‖Ω1 is the uniform norm on the space of matrix-valued 1-forms
Ω1(M,Mn).
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Proof. The functional calculus f(x) is given by the Dunford integral
f(x) =
1
2πi
∫
λ∈γ
f(λ)(λ− x)−1dλ.
Since
• d((λ−x)−1) = −(λ−x)−1(dx)(λ− x)−1 (which follows from d((λ−
x)(λ− x)−1) = d(1) = 0),
• (λ− x)−1 − (λ− y)−1 = (λ− x)−1(y − x)(λ− y)−1 and
• ‖(λ− x)−1‖ ≤ C ′4 := inf{d(λ, x) | λ ∈ γ, x ∈ D} ,
we obtain that
‖d(f(x)− f(y))‖
≤(2π)−1‖f‖L1 sup
λ∈γ
‖(λ− x)−1dx(λ− x)−1 − (λ− y)−1dy(λ− y)−1‖
≤(2π)−1‖f‖L1
(
sup
λ∈γ
‖((λ− x)−1 − (λ− y)−1)dx(λ− x)−1‖
+ sup
λ∈γ
‖(λ− y)−1dx((λ− x)−1 − (λ− y)−1)‖
+ sup
λ∈γ
‖(λ− y)−1(dx− dy)(λ− y)−1‖
)
≤(2π)−1‖f‖L1(2(C
′
4)
3‖dx‖‖x − y‖+ (C ′4)
2‖dx− dy‖),
where ‖f‖L1 is the L
1-norm of f on γ. Now the proof is completed by
choosing C4 as (2π)
−1‖f‖L1(C
′
4)
2 ·max{2C ′4, 1}. 
Lemma 4.4. Let X be a finite CW-complex with an open cover U . For
0 < ε < 1/2, let {v′µν}µ,ν∈I be a family of unitaries in B(P ) such that
‖v′µνv
′
νσ − v
′
µσ‖ < ε. Let
ψ˘µ(x) :=
∑
ν∈I
ην(x)⊗ v
′
νµ ⊗ eµ ∈ C(X)⊗Mn ⊗ C
I ,
vµν(x) := (ψ˘µ(x)
∗ψ˘µ(x))
−1/2ψ˘µ(x)
∗ψ˘ν(x)(ψ˘ν(x)
∗ψ˘ν(x))
−1/2,
where {ηµ}µ∈I and {eµ}µ∈I be as in Remark 3.2. Then v := {vµν}µ,ν∈I is a
Cˇech 1-cocycle satisfying ‖vµν(x)− v
′
µν‖ < 4ε, and hence is (8ε,U)-flat.
Proof. Firstly,
ψ˘µ(x)
∗ψ˘ν(x)− v
′
µν =
∑
σ∈I
ησ(x)
2(v′µσv
′
σν − v
′
µν)
implies ‖ψ˘µ(x)
∗ψ˘ν(x)− v
′
µν‖ <
∑
σ η
2
σ(x)‖v
′
µσv
′
σν − v
′
µν‖ < ε. In particular,
we get ‖ψµ(x)
∗ψµ(x)− 1‖ < ε, and hence
‖(ψ˘µ(x)
∗ψ˘µ(x))
−1/2 − 1‖ < ‖ψ˘µ(x)
∗ψ˘µ(x)− 1‖ < ε
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(here we use the fact |z−1/2 − 1| < |z − 1| for z ∈ [1/2, 3/2]). Therefore we
get
‖vµν(x)− v
′
µν‖
≤‖(ψ˘µ(x)
∗ψ˘µ(x))
−1/2 − 1‖‖ψ˘µ(x)
∗ψ˘ν(x)‖‖(ψ˘ν (x)
∗ψ˘ν(x))
−1/2‖
+ ‖ψ˘µ(x)
∗ψ˘ν(x)‖‖(ψ˘ν(x)
∗ψ˘ν(x))
−1/2 − 1‖+ ‖ψ˘µ(x)
∗ψ˘ν(x)− v
′
µν‖
≤ε(1 + ε)2 + ε(1 + ε) + ε < 4ε.
For the last inequality we use ε < 1/2. 
Lemma 4.5. Let 0 < ε < 1/6. Let M be a Riemannian manifold with a
finite open cover U = {Uµ}µ∈I . Then there exists a constant C5 = C5(g,U)
depending only on g and U such that the following holds: For any w ∈
Bdlε,Un (M), there is v ∈ Bdl
U ,24ε
n (M) such that
• ‖vµν(x)− wµν(x)‖ < 13ε for any x ∈ Uµν and
• each vµν is smooth and ‖dvµν‖Ω1(Uµν ,Mn) < C5ε.
Proof. Let ψ˘µ and vµν be as in the statement of Lemma 4.4 for v
′
µν =
wµν(xµν). By Lemma 3.11 and Lemma 4.4 we obtain that {vµν}µ,ν∈I is
(24ε,U)-flat and
‖vµν(x)− wµν(x)‖ ≤ ‖vµν(x)− wµν(xµν)‖+ ‖wµν(xµν)− wµν(x)‖ < 13ε.
Now we consider an estimate of the differential dvµν . Let κ := maxµ ‖dηµ‖.
Note that ‖d(η2µ)‖ = ‖2ηµdηµ‖ ≤ 2κ. Then we get
‖d(ψ˘∗µψ˘ν)‖ = ‖d(ψ˘
∗
µψ˘ν − wµν(xµν))‖
≤
∑
σ∈I
‖d(η2σ)‖ · ‖wµσ(xµσ)wσν(xσν)− wµν(xµν)‖ < 2κ|I| · 3ε.
By the assumption ε < 1/6, we have that the spectrum σ(ψ˘µ(x)
∗ψ˘µ(x))
−1/2)
is included to the interval [1/2, 3/2]. Let D and D′ be the open disk of ra-
dius 2/3 and 3/4 with the center 1 respectively and let γ = ∂D′. We
apply Lemma 4.3 for x = 1, y = ψ˘∗µψ˘µ, D and γ as above and f(z) =
z−1/2. Then we get a constant C4 = C4(g,D, γ, z
−1/2) and an inequality
‖d((ψ˘∗µψ˘µ)
−1/2)‖ < C4 · 6κ|I|ε. Finally we obtain
‖dvµν‖
≤‖d((ψ˘∗µψ˘µ)
−1/2)‖‖ψ˘∗µψ˘ν‖‖(ψ˘
∗
ν ψ˘ν)
−1/2‖+ ‖(ψ˘∗µψ˘µ)
−1/2‖‖d(ψ˘∗µψ˘ν)‖‖(ψ˘
∗
ν ψ˘ν)
−1/2‖
+ ‖(ψ˘∗µψ˘µ)
−1/2‖‖ψ˘∗µψ˘µ‖‖d((ψ˘
∗
ν ψ˘ν)
−1/2)‖
<6C4κ|I|ε · (3/2) · 2 + 6κ|I|ε · 2 · 2 + 6C4κ|I|ε · (3/2) · 2 = (36C4 + 24)κ|I|ε.
The proof is completed by choosing C5 := (36C4 + 24)κ|I|. 
Lemma 4.6. Let 0 < ε < 13C1 . There is a constant C6 = C6(U) depending
only on U such that the following holds: For (ε,U)-flat bundles v1 and v2 on
X with ‖dviµν‖ < ε (for i = 1, 2) and u ∈ Homε(v1,v2), there is u¯ ∈ GC1ε(u)
such that ‖du¯µ‖Ω1 < C6ε.
Proof. Let ψiµ := ψ
vi
µ and pi := pvi for i = 1, 2, w and {u¯µ}µ∈I be as in
Remark 3.2. As in the proof of Lemma 3.4 (1), we may assume that uµ = 1
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for all µ ∈ I. As in the proof of Lemma 4.5, let κ := maxµ ‖dηµ‖. Then we
have inequalities
‖dψiµ‖ =‖d
∑
ν
ηνv
i
µν ⊗ eν‖
≤
∑
ν
(‖dηµν‖‖v
i
µν‖‖eν‖+ ‖ην‖‖dv
i
µν‖‖eν‖) ≤ |I|(κ+ (3C1)
−1),
‖d((ψ2µ)
∗ψ1µ)‖ =‖d((ψ
2
µ − ψ
1
µ)
∗ψ1µ)‖ = ‖d
∑
ν
η2ν(v
2
µν − v
1
µν)
∗v1µν‖
≤
∑
ν
(‖d(η2ν)‖‖(v
2
µν − v
1
µν)
∗‖‖v1µν‖+ ‖η
2
ν‖‖d(v
2
µν − v
1
µν)
∗‖‖v1µν‖
+ ‖η2ν‖‖(v
2
µν − v
1
µν)
∗‖‖dv1µν‖)
≤|I|(2κε + 2ε+ ε2) = (2κ + 3)|I|ε,
‖dpi‖ =‖d
∑
ηµηνv
i
µν ⊗ eµν‖
≤
∑
µ,ν
(‖d(ηµην)‖‖v
i
µν‖‖eµν‖+ ‖ηµην‖‖dv
i
µν‖‖eµν‖)
<|I|2(2κ+ (3C1)
−1),
‖dp1 − dp2‖ =‖d
∑
ηµην(v
1
µν − v
2
µν)⊗ eµν‖
≤
∑
µ,ν
(‖d(ηµην)‖‖v
1
µν − v
2
µν‖‖eµν‖+ ‖ηµην‖‖dv
1
µν − dv
2
µν‖‖eµν‖)
<|I|2(2κε+ 2ε) = |I|2(2κ+ 2)ε.
Let C ′6 denotes the maximum of |I|(κ+ (3C1)
−1) , (2κ+ 3)|I| , |I|2(2κ+ ε)
and |I|2(2κ+ 2).
By the above inequalities together with (3.5), we get
‖d(p1p2p1)− dp1‖
=‖dp1‖‖p2 − p1‖‖p1‖+ ‖p1‖‖d(p2 − p1)‖‖p1‖+ ‖p1‖‖p2 − p1‖‖dp1‖
<C ′6 · |I|
2ε+ C ′6ε+ C
′
6 · |I|
2ε = (2|I|2 + 1)C ′6ε.
We apply Lemma 4.3 for x = p1, y = p1p2p1 (regarded as elements of
p1(C(X) ⊗ B(P ) ⊗MI)p1) and f(z) = z
−1/2 as in Lemma 3.4 (1) and D,
γ as in Lemma 4.5. Then, together with (3.6), we get a constant C4 =
C4(g,D, γ, z
−1/2) and an inequality
‖dp1 − d(p1p2p1)
−1/2‖ ≤ C4(C
′
6 · |I|
2ε+ (2|I|2 + 1)C ′6ε).
Therefore, we also get
‖d(p2p1(p1p2p1)
−1/2 − p2p1)‖ = ‖d(p2p1((p1p2p1)
−1/2 − p1))‖
≤‖dp2‖‖p1‖‖(p1p2p1)
−1/2 − p1‖+ ‖p2‖‖dp1‖‖(p1p2p1)
−1/2 − p1‖
+ ‖p2‖‖p1‖‖d(p1p2p1)
−1/2 − dp1‖
≤2 · C ′6 · |I|
2ε+ C4(C
′
6 · |I|
2ε+ (2|I|2 + 1)C ′6ε) =: C
′
6ε.
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This inequality and (3.7) concludes the proof as
‖du¯µ‖ = ‖d((ψ
2
µ)
∗wψ1µ)‖
≤‖d((ψ2µ)
∗(w − p2p1)ψ
1
µ)‖+ ‖d((ψ
2
µ)
∗ψ1µ)‖
≤‖d(ψ2µ)
∗‖‖w − p2p1‖‖ψ
1
µ‖+ ‖(ψ
2
µ)
∗‖‖dw − d(p2p1)‖‖ψ
1
µ‖
+ ‖(ψ2µ)
∗‖‖w − p2p1‖‖dψ
1
µ‖+ C
′
6ε
≤C ′6 · |I|
2ε+ C ′′6 ε+ C
′
6 · |I|
2ε+ C ′6ε =: C6ε. 
Lemma 4.7. Let (M,g) be a Riemannian manifold possibly with a collared
boundary. Let U := {Uµ}µ∈I be an open cover of M such that any two points
x, y in each Uµ is connected by a unique minimal geodesic in Uµ. Then there
is a constant C7 = C7(g,U) depending on g and U such that the following
hold:
(1) Let e = (E,∇) be an ε-flat bundle on M . Then, there exists a local
trivialization ψeµ : Uµ ×C
n → E|Uµ such that the Cˇech 1-cocycle
ve := {veµν(x) := ψ
e
µ(x)
∗ψeν(x)}µ,ν∈I
forms a (C7ε,U)-flat bundle.
(2) Let u : e1 → e2 be a morphism of ε-flat bundles. Then,
u := {uµ := ψ
e2
µ (xµ)
∗u(xµ)ψ
e1
µ (xµ)}
forms a morphism of (ε,U)-flat bundles such that u ∈ GC7ε(u).
For example, an open cover consisting of open balls of radius less than
the injectivity radius of M satisfies the assumption of Lemma 4.7 (when M
has a boundary, take an open cover of the invertible double Mˆ as above and
restrict it to M).
Proof. Let x, y ∈ Uµ. We write [x, y] for the minimal geodesic connecting x
and y in Uµ and
Dµ(x, y) :=
⋃
z∈[x,y]
[xµ, z].
We define the constant C7 as
C7 := max
µ
sup
x,y∈Uµ
max{d(x, y), 2Area(Dµ(x, y))} <∞.(4.8)
For a path ℓ : [0, t]→M , let Γ∇ℓ : Eℓ(0) → Eℓ(t) denote the parallel trans-
port along ℓ. We fix an identification of Exµ with C
n. Then
ψeµ(x) := Γ[x,xµ] : Ex → Exµ
∼= Cn
gives a local trivialization of E. Let veµν(x) := ψ
e
ν(x)
∗ψeµ(x). Then v
e
µν(y)
∗veµν(x)
is the parallel transport along the boundary of the surfaceDµ(x, y)∪Dν(x, y).
By a basic curvature estimate of the holonomy (see for example [Gro96,
pp.19]), we get
‖veµν(y)
∗veµν(x)− 1‖ < Area(Dµ(x, y) ∪Dν(x, y)) · ‖R
∇‖ < C7ε.
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To see (2), it suffices to show that ‖ψe2µ (x)
∗u(x)ψe1µ (x)− uµ‖ < C7ε. Let
x(t) denote the point of [x, xµ] uniquely determined by d(x, x(t)) = t. Since
uΓ∇1[xµ,x]u
∗ − Γ∇2[xµ,x] = Γ
u∇1u∗
[x,y] − Γ
∇2
[xµ,x]
=
∫ d(x,xµ)
0
(u∇1d
dt
u∗ −∇2d
dt
)Γ[xµ,x(t)]dt,
we obtain that
‖Γ∇2[xµ,x]uΓ
∇1
[x,xµ]
− u‖ = ‖uΓ∇1[xµ,x]u
∗ − Γ∇2[xµ,x]‖ ≤ d(x, y)ε ≤ C7ε. 
Lemma 4.9. Let (M,g) and U be as in Lemma 4.7. Then there is a constant
C8 = C8(g,U) depending only on g and U such that the following hold for
any 0 < ε < 14C8 .
(1) Let v be a (ε,U)-flat vector bundle. Then, the underlying vector
bundle Ev admits an (C8ε, g)-flat connection ∇v.
(2) For u ∈ Homε(v1,v2), there is u¯ ∈ GC8ε(u) such that ‖u¯∇v1 u¯
∗ −
∇v2‖Ω1 < C8ε.
Proof. By Lemma 4.5, we may assume that {vµν} is (24ε,U)-flat and ‖dvµν‖ <
C5ε. As in previous lemmas, let κ := maxµ∈I ‖dηµ‖.
The connection
∇µ
v
= d+ avµ :=
∑
ν
η2ν · vµν ◦ d ◦ v
∗
µν = d+
∑
ν
η2νvµνdv
∗
µν
on the trivial bundle CnUµ satisfies v
∗
µν∇
µ
vvµν = ∇
ν
v
and hence gives rise to
a connection ∇v on E. Since ‖dvµν‖ < C5ε, we have ‖a
v
µ ∧ a
v
µ‖ ≤ ‖a
v
µ‖
2 <
(|I|C5ε)
2 and
‖davµ
∥∥∥ ≤ ‖∑
ν
dην ∧ vµνdv
∗
µν
∥∥∥+
∥∥∥∑
ν
ηνdvµν ∧ dv
∗
µν
∥∥∥ ≤ κ|I|C5ε+ |I|(C5ε)2.
Therefore, ‖R∇‖ = maxµ∈I ‖da
v
µ + a
v
µ ∧ a
v
µ‖ ≤ (|I|
2C25 + κ|I|C5 + |I|C
2
5 )ε.
Next we show (2). Firstly, in the same way as the above paragraph
we replace v1 and v2 to v
′
1 and v
′
2 with ‖dvµν‖ < C5ε and d(vi,v
′
i) <
13ε if necessary. Then we may assume v1, v2 satisfies ‖dvµν‖ < C5ε and
u ∈ Hom27ε(v1,v2). Set C
′
5 := max{C5, 27}. By Lemma 4.6, there is
u¯ ∈ GC1C′5ε(u) such that ‖du¯µ‖ < C6C
′
5ε. Then
u¯µ∇v1 u¯
∗
µ =
∑
ην u¯µv
1
µν ◦ d ◦ v
1
νµu¯
∗
µ =
∑
ηνv
2
µν u¯ν ◦ d ◦ u¯
∗
νv
2
νµ
= ∇v2 +
∑
ηµv
2
µν u¯ν(du¯
∗
ν)v
2
νµ
implies ‖u¯∇v1 u¯
∗ − ∇v2‖Ω1 < |I|C
′
5C6ε. Now the proof is completed by
choosing C8 := max{|I|
2(C ′5)
2 + κ|I|C ′5 + |I|(C
′
5)
2, C1C
′
5, |I|C
′
5C6}. 
Theorem 4.10. Let M be a compact Riemannian manifold with the bound-
ary N . An element x ∈ K0(M,N) is almost flat in smooth sense if and only
if it is almost flat in topological sense (i.e., in the sense of Definition 3.16).
Proof. By Lemma 4.7 and Lemma 4.9, we can associate from smooth or topo-
logical ε-flat stably relative bundles to the other. Since this correspondence
preserve the underlying stably relative bundle, we get the conclusion. 
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5. Enlargeability and almost flat bundle
A connected Riemannian manifold (M,g) is said to be (resp. area-) en-
largeable if for any ε > 0 there is a connected covering M¯ and an (resp.
area-) ε-contracting map fε with non-zero degree from M¯ to the sphere S
n
with the standard metric, which is constant outside compact subset of M .
Here we say that fε is area-ε-contracting if ‖Λ
2Txfε‖ ≤ ε for any x ∈ M∞.
Note that any enlargeable manifold is area-enlargeable.
Theorem 5.1. Let (M,g) be a compact Riemannian spin manifold with a
collared boundary N . If M∞ is area-enlargeable, then M has infinite stably
relative C*-K-area.
Firstly we prepare some notations. For M,N as above, let Mr denote the
space M ⊔N N × [0, r] and Nr := ∂Mr for r ∈ [0,∞]. We choose an open
cover of M using g as in Lemma 4.7. Let qr denote the continuous map
Mr → M determined by qr|M = idM and qr|N×[0,r] is the projection to N .
We define the open cover Uk of Mk as
Uk := {U(µ,k) := q
∗
rUµ ∩ Vl}(µ,l)∈I×k,
where V0 = M
◦
1 , Vl = N × (l − 1, l + 1) for l = 1, . . . , n − 1 and Vk =
N × (k − 1, k]. Next, for a covering π¯ : M¯ → M , we write U¯ for the open
cover of M¯ consisting of connected components of π−1(Uµ)’s and I¯ for the
index set of U¯ . We use the same letter π¯ for the canonical map I¯ → I.
Similarly we define U¯k and I¯k.
Lemma 5.2. Let k ∈ N and let (v,w,u) be a (ε,Uk)-flat relative bundle
with the typical fiber P on (Mk, Nk). Then there is a stably relative (2ε,U)-
flat bundle v of Hilbert A-modules on (M,N) such that [v] = [v,w,u] under
the canonical identification K0(M,N ;A) ∼= K0(Mk, Nk;A).
Proof. For l = 0, . . . , k, we define a (ε,U|N )-flat P -bundle vl on N by
vl := {v(µ,l)(ν,l)|U(µ,l)(ν,l)∩N×{l}}µ,ν∈I
under the canonical identification of (N,U|N ) with (N×{l},Uk|N×{l}). Sim-
ilarly we define wl for l = 0, . . . , k.
For l = 0, . . . , k, fix xµ,l ∈ Uµ,l ∩ N × {l +
1
2}. We define ul = {ul,µ}µ∈I
by
ul,µ :=


v(µ,l+1)(µ,l)(xµ,l) l = 0, . . . , k − 1
u(µ,k) l = k,
w(µ,2k−l)(µ,2k−l+1)(xµ,2k−l+1) l = k + 1, . . . , 2k.
Then we have ul ∈ Hom2ε(vl,vl+1), uk ∈ Homε(vk,wk) and u2k−l ∈
Hom2ε(wl+1,wl) for l = 0, . . . , k − 1.
Let v˜1 and v˜2 be restrictions of v and w to M with the open cover
Uk|M = U respectively. Let Q = P
2k, let v˜0 := v1⊕· · ·⊕vk⊕wk⊕· · ·⊕w1
and let u˜ = {u˜µ}µ∈I , where each u˜µ : P ⊕Q→ P ⊕Q is determined by
u˜µ(ξ0, (ξ1, . . . , ξ2n)) = (u2n,µξ2n, (u0,µξ0, u1,µξ1, . . . , u2k−1,µξ2k−1))
for ξ0, . . . , ξ2k ∈ P . Then we have
‖u˜µ(v˜
1
µν ⊕ v˜
0
µν)u˜
∗
ν − v˜
2
µν ⊕ v˜
0
µν‖ < 2ε,
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that is, v := (v˜1, v˜2, v˜0,u) is a stably relative (2ε,U)-flat bundle with the
typical fiber (P,Q) on (M,N).
Finally we observe that [v,w,u] = [v] in K0(M,N ;A). Let ql : M → Ml
be a diffeomorphism extending the canonical identification N → ∂Ml and
let El := q
∗
l Evl , E2k−l+1 := q
∗
l Ewl for l = 0, . . . , k. Note that El|N
∼= Evl .
Let us choose {u¯l,µ}µ∈I ∈ G2C1ε(ul) by Lemma 3.4, which induces a unitary
bundle isomorphism u¯l : El|N → El+1|N . Then the K-theory class [v] is
represented by [Ev1 , Ev2 , E1|N ⊕ · · · ⊕E2k|N , U¯ ], where
U¯(ξ0, (ξ1, . . . , ξ2k)) = (u¯2kξ2k, (u¯0ξ0, . . . , u¯2k−1ξ2k−1)).
Let E0 := Ev1 and E2k+1 := Ev2 . Now we use the equivalence relations on
Bdls(X,Y ;A) discussed in pp.3 to obtain
[v] =[Ev1 , Ev2 , E1|N ⊕ · · · ⊕ E2k|N , U¯ ]
=[Ev1 ⊕ E1 ⊕ · · · ⊕ E2k, E1 ⊕ · · · ⊕ E2k ⊕Ev2 , 0, U¯ ]
=
2k∑
l=0
[El, El+1, 0, u¯l] = [Ek, Ek+1, 0, u¯k] = q
∗
k[v,w,u]. 
Let F → M¯ →M be a (possibly infinite) connected covering and extend it
to M¯∞ →M∞. Let σ denote the monodromy representation of Γ := π1(M)
on ℓ2(F ) and let
A := {(T, S) ∈ B(ℓ2(F ))⊕2 | S ∈ σ(C∗(Γ)), T − S ∈ K}.
Then the the exact sequence
0→ K(ℓ2(F ))
i
−→ A
pr2−−→ σ(C∗(Γ))→ 0,(5.3)
where i is the embedding to the first component and pr2 is the projection
to the second component, splits.
For a complete Riemannian manifold M with an open cover U such that
each Uµ is relatively compact, a Cˇech 1-cocycle v on U is compactly sup-
ported if vµν ≡ 1 except for finitely many (µ, ν) ∈ I
2 with Uµ ∩ Uν 6= ∅. If
a Cˇech 1-cocycle v is supported in an open submanifold M0, i.e., vµν ≡ 1
for any (µ, ν) ∈ I2 with Uµ ∩ Uν 6⊂ M0 6= ∅, we associate a relative bundle
(v|M0 ,1,1) on M0 with the open cover {Uµ ∩M0}.
Lemma 5.4. Let Mr, M¯r and A be as above. Then there is a Hilbert A-
module bundle P onM and a ∗-homomorphism θ : C0(M¯∞)→ K(C(M∞,P))
such that, for any compactly supported (ε, U¯∞)-flat vector bundle v ∈ Bdl
ε,U¯∞
n (M¯∞)
(with the support included to M¯r), the corresponding element θ∗[v,1,1] ∈
K0(Mr, Nr;A) is represented by an (ε,U)-flat bundle of finitely generated
projective Hilbert A-modules.
Proof. Let σˆ : Γ→ U(A) be the representation given by σˆ(γ) := (σ(γ), σ(γ)).
Let A denote the C*-algebra bundle M˜r ×Ad σˆ A, which acts on the Hilbert
bundleH := M˜r×σˆ(ℓ
2(F )⊕2). Then C(Mr,A) is isomorphic toK(C(Mr,P)),
where P := M˜r×σˆA. Let pP :=
∑
ηµην σˆ(γµν)⊗ eµν ∈ C(Mr, A)⊗MI as in
Remark 3.2 and let τ denote the identification of C(Mr,A) with the corner
subalgebra pP(C(Mr, A)⊗MI)pP .
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The Hilbert space L2(Mr,H) is canonically isomorphic to L
2(M¯r)
⊕2.
Moreover, the Γ-equivariant inclusion c0(F ) ⊂ K(ℓ
2(F )) ⊂ A induces
θ : C0(M¯r) ∼= C(Mr, C)→ C(Mr,A),
where C := M˜r×Ad σˆc0(F ). We remark that it is extended to θ : C(Mr, C
+)→
C(Mr,A), where C
+ := M˜r×Ad σˆc0(F )
+. Similarly we define θµν : Cb(Uµν , C
+)→
Cb(Uµν ,A).
We fix a local trivialization
χµ : L
2(Uµ, ℓ
2(F )⊕2)→ L2(Uµ,H) ∼= L
2(π¯−1(Uµ))
⊕2
coming from that of the covering space ϕµ : Uµ × F → π¯
−1(U) as a fiber
bundle with the structure group σ(Γ). Then there is γµν ∈ Γ for each
µ, ν ∈ I such that χ∗µχν = σˆ(γµν). Then the ∗-homomorphism τ is written
explicitly as
τ(f) :=
∑
µ,ν
ηµην · χ
∗
µ(f |Uµν )χν ⊗ eµν .
For an (ε,U∞)-flat bundle v ∈ Bdl
ε,U¯∞
n (M¯∞) supported in M¯r, let
v˜′µν :=
∏
π¯(µ¯)=µ,π¯(ν¯)=ν
Uµ¯ν¯ 6=∅
diag(vµ¯ν¯ , 1) ∈ (Cb(Uµν , C
+)⊗Mn)
⊕2,
v˜µν := χ
∗
µθµν(v˜
′
µν)χν ∈ Cb(Uµν , A)⊗Mn
for any µ, ν ∈ Ir. Then v˜ := {v˜µν}µ,ν∈Ir is a Cˇech 1-cocycle on Mr taking
value in the unitary group of A⊗Mn. Moreover, by the construction, (ε, U¯)-
flatness of v implies that v˜ := {v˜µν}µ,ν∈I is also an (ε,U)-flat bundle of
Hilbert A-modules.
As in Remark 3.2, let
pv˜ :=
∑
µ,ν
ηµην ⊗ v˜µν ⊗ eµν ∈ C(M,A)⊗Mn ⊗MI ,
pv :=
∑
µ,ν
ηµην ⊗ v˜
′
µν ⊗ eµν ∈ C(Mr, C
+)⊗Mn ⊗MIr ,
p1 :=
∑
µ,ν
ηµην ⊗ 1n ⊗ eµν ∈ C(Mr, C
+)⊗Mn ⊗MIr ,
Then we have [p1] = [1n], pv−p1 ∈ C0(M
◦
r , C)
∼= C0(M¯
◦
r ) and the difference
element [pv, p1] ∈ K0(C0(M¯r)) is equal to [v]−[1n]. Therefore, the remaining
task is to show that θ∗([pv]− [1n]) = [pv˜]− [1n].
The projection
(τ ◦ θ)(pv) =
∑
σ,τ
∑
µ,ν
ησητηµην ⊗ χ
∗
σθµν(v˜
′
µν)χτ ⊗ eµν ⊗ eστ
∈ C(Mr, A) ⊗Mn ⊗MI ⊗MI
is equal to the projection as in Remark 3.2 associated to the Cˇech 1-cocycle
{χσ v˜µνχτ}(µ,σ),(ν,τ)∈I2 on the open cover U
2 := {Uµσ}(µ,σ)∈I2 and the square
root of partition of unity {ηµησ}(µ,σ)∈I2 . At the same time, if we use the
square root of partition of unity {ηµδµσ} (where δµσ denotes the delta func-
tion) instead of {ηµησ}, then the corresponding projection is identified with
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pv˜. That is, the support of (τ ◦ θ)(pv) is isomorphic to that of pv˜. This
concludes the proof. 
Proof of Theorem 5.1. By taking the direct product with T1 if necessary,
we may assume that n := dimM is even. Let E be a vector bundle on Sn
such that cn(E) = 1 and let us fix a hermitian connection. For ε > 0, let
fε : M¯∞ → S
n be an area-ε-contracting map with non-zero degree. Then
the induced connection on f∗εE with the pull-back connection is (Cε, g)-flat
in the smooth sense, where the constant C > 0 is the norm of the curvature
of E. Let k ∈ N such that fε maps N × [k,∞) to the base point ∗ of S
n.
By Lemma 4.7, there is a local trivialization {ψµ¯}µ¯∈I¯ of f
∗
εE such that
v := {vµ¯ν¯ = ψ
∗
µ¯ψν¯}µ,ν∈I is (C7ε, U¯r)-flat. Here we remark that the proof of
Lemma 4.7 also works for the noncompact manifold M¯ since the constant
C7 = C7(g, U¯k) given in (4.8) actually coincides with C7(g,Uk). Note that
we also have C7(g, U¯k) = C7(g, U¯1), that is, there is a uniform upper bound
for C7(g, U¯k)’s.
The remaining task is to show that the pairing 〈θ∗[v,1,1], [M,N ]〉 is
non-trivial. For an even-dimensional connected manifold X, we write βX
for the image of the Bott generator in K0(X) by an open embedding. Then
[E]− [Cn] = βSn ∈ K
0(Sn) and hence
[v,1,1] = f∗ε [E]− [C
n] = degfε · βM¯∞ ∈ K
0(M¯∞).
Let us choose an open subspace U of M such that π¯−1(U) ∼= U × F and
a copy U¯ ⊂ π¯−1(U) of U . Then we have C0(U,A) ∼= C0(U) ⊗ A and the
diagram
K0(C0(π¯
−1(U)))
θ∗ //
ι∗

K0(C0(U)⊗A)
ι∗

K0(C0(M¯∞))
θ∗ // K0(C0(M∞,A))
commutes, where the vertical maps ι∗ are induced from open embeddings.
By the construction of θ∗, we have θ∗βU¯ = βU ⊗ [p] ∈ K0(C0(U)⊗A), where
p ∈ K(ℓ2(F )) ⊂ A is a rank 1 projection,. Therefore we obtain that
〈θ∗βM¯ , [M,N ]〉 = 〈θ∗ι∗βU¯ , [M,N ]〉 = 〈ι∗θ∗βU¯ , [M,N ]〉 = 〈θ∗βU¯ , [U ]〉
= 〈β ⊗ [p], [U ]〉 = [p] ∈ K0(A),
and hence
〈θ∗[v,1,1], [M,N ]〉 = deg(fε)〈θ∗β, [M,N ]〉 = deg(fε) · [p].
This finishes the proof since K0(K(ℓ
2(F ))) → K0(A) is injective (we recall
that the exact sequence (5.3) splits). 
6. Relative quasi-representations and almost monodromy
correspondence
Let Γ be a countable discrete group and let G be a finite subset of Γ.
Recall that a map π : Γ → U(P ) is a (ε,G)-representation of Γ on P if
π(e) = 1 and
‖π(g)π(h) − π(gh)‖ < ε
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for any g, h ∈ G. Let qRepε,GP (Γ) denote the set of (ε,G)-representations of
Γ on P .
Definition 6.1. Let π1 and π2 be (ε,G)-representations of Γ. An ε-intertwiner
u ∈ Homε(π1, π2) is a unitary u ∈ U(P ) such that ‖uπ1(γ)u
∗ − π2(γ)‖ < ε.
Let φ : Λ → Γ be a homomorphism between countable discrete groups.
Let G = (GΓ,GΛ) be a pair of finite subsets GΓ ⊂ Γ and GΛ ⊂ Λ such that
φ(GΛ) ⊂ GΓ.
Definition 6.2. A stably relative (ε,G)-representation of (Γ,Λ) is a quadru-
ple pi := (π1, π2, π0, u), where
• π1 : Γ→ U(P ) and π2 : Γ→ U(P ) are (ε,GΓ)-representations of Γ,
• π0 : Λ→ U(Q) is a (ε,GΛ)-representation of Λ, and
• u ∈ Homε(π1 ◦ φ⊕ π0, π2 ◦ φ⊕ π0).
We write qRepε,GP,Q(Γ,Λ) for the set of stably relative (ε,G)-representations
of (Γ,Λ) on (P,Q).
We say that two (ε,G)-representations pi and pi′ are unitary equivalent if
there are unitaries U1, U2 ∈ U(P ) and U0 ∈ U(Q) such that πi = Ad(Ui)◦π
′
i
for i = 0, 1, 2 and u′(U1 ⊕ U0) = (U2 ⊕ U0)u.
Remark 6.3. There is an obvious one-to-one correspondence between qRepε,GP (Γ,Λ)
and qRepε,GP (Γ, φ(Λ)). Moreover, any relative (ε,G)-representation (π1, π2, u)
is unitary equivalent to (π1,Ad(u
∗) ◦ π2, 1). That is, up to unitary equiva-
lence we may assume that u = 1.
Finally we give the almost monodromy correspondence between almost
flat bundles on a pair of finite CW-complexes and quasi-representations of
the fundamental groups.
Let (X,Y ) be a pair of finite CW-complexes with a good open cover U .
We write Γ := π1(X), Λ := π1(Y ) and φ : Λ→ Γ for the map induced from
the inclusion. Fix a maximal subtree T of the 1-skeleton N
(1)
U of the nerve
of U such that T ∩N
(1)
U|Y
is also a maximal subtree of N
(1)
U|Y
.
Definition 6.4. We say that v ∈ Bdlε,UP (X) is normalized on T if ‖vµν(x)−
1‖ < ε for any 〈µ, ν〉 ∈ T . We also says that v = (v1,v2,v0,u) ∈ Bdl
ε,U
P,Q(X,Y )
is normalized on T if v1, v2 and v0 are normalized on T . Let Bdl
ε,U
P (X)T
(resp. Bdlε,UP,Q(X,Y )T ) denote the set of (ε,U)-flat bundles normalized on T .
Lemma 6.5. Any stably relative (ε,U)-flat bundle v is unitary equivalent (in
the sense of Remark 3.10) to a stably relative (ε,U)-flat bundle normalized
on T .
Proof. It suffices to show that, for any v ∈ Bdlε,UP (X), there is u ∈ U(P )
I
such that u·v is normalized on T . Such u is constructed inductively (indeed,
an inductive construction gives a family u = {uµ}µ∈I with the property that
uµ = uνvµν(xµν)
∗ for any 〈µ, ν〉 ∈ T ). 
Now we give a one-to-one correspondence up to small correction between
(resp. stably) relative quasi-representations and almost flat (resp. stably)
relative bundles normalized on T .
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As in Lemma 3.12, a 1-cell 〈µ, ν〉 ∈ N
(1)
U \ T corresponds to an element
γµν := [ℓ
−1
µ ◦ 〈µ, ν〉 ◦ ℓν ] of Γ. Let
GΓ := {γµν | 〈µ, ν〉 ∈ N
(1)
U \ T} ⊂ Γ.
Similarly we define GΛ as the set of elements of Λ of the form γµν for 〈µ, ν〉 ∈
N
(1)
U|Y
\ T . Let FG denote the free group with the generator {sµν | 〈µ, ν〉 ∈
N
(1)
U \ T}. We fix a set theoretic section τ : Γ→ FG , that is, τ(γµν) = sµν .
Definition 6.6 ([CD18, Definition 4.2]). For v ∈ Bdlε,UP (X)T , let
α(v)(γ) :=
n∏
k=1
uµk+1vµk+1µk(xµk+1µk)u
∗
µk
for γ ∈ Γ such that τ(γ) = sµ1,µ2 · · · · · sµk−1,µk . Here uµ is as in (3.14).
It is essentially proved in [CD18, Proposition 4.8] that there is a constant
C9 = C9(U) depending only on U such that α(v) is a (C9ε,G)-representation
of Γ in P .
Conversely, suppose that we have a (ε,G)-representation of Γ. Let {ηµ}µ∈I
and {eµ}µ∈I be as in Remark 3.2. Let us define
ψ˘πµ :=
∑
ην ⊗ π(γνµ)⊗ eν ∈ C(X)⊗ B(P )⊗ C
I ,
vπµν := ((ψ˘
π
ν )
∗ψ˘πν )
−1/2((ψ˘πν )
∗ψ˘πµ)((ψ˘
π
µ)
∗ψ˘πµ)
−1/2.
By Lemma 4.4, we have the inequality ‖vπµν(x)−π(γµν)‖ < 4ε. This implies
that vπ := {vπµν}µ,ν∈I is (8ε,U)-flat bundle normalized on T .
Definition 6.7. For π ∈ qRepε,GP (Γ), we define β(π) to be v
π ∈ Bdl8ε,UP (X)T .
We consider the distance in Bdlε,UP (X) and qRep
ε,G
P (Γ) defined as
d(v,v′) := sup
µ,ν∈I
‖vµν − v
′
µν‖,
d(π, π′) := sup
γ∈GΓ
‖π(γ)− π′(γ)‖.
Lemma 6.8. There is a constant C10 = C10(U) > 0 depending only on U
such that the maps α and β satisfy
d(α(v), α(v′)) ≤ d(v,v′) + C10ε,
d(β(π), β(π′)) ≤ d(π, π′) + C10ε,
d(β ◦ α(v),v) ≤ C10ε,
d(α ◦ β(π), π) ≤ C10ε.
Proof. By Corollary 3.18, we may assume that X is a finite simplicial com-
plex and U is the open cover of X consisting of star neighborhoods Uµ of
0-cells µ. We choose xµν as the median of the 1-cell 〈µ, ν〉.
Let GL(P )δ denote the set of T ∈ B(P ) with d(T,U(P )) < ε and let
CrdεP (X)T denote the set of ε-flat coordinate bundles on X normalized on
T . Here, an ε-flat coordinate bundle on a simplicial complex is a family
{vµν} of ε-flat GL(P )ε-valued functions vµν on the union of simplices of the
barycentric subdivision of X included to Uµ ∩Uν which satisfies the cocycle
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relation (for the precise definition, see [CD18, Definition 2.5]). It is said to
be normalized on T if vµν(xµν) = 1 for 〈µ, ν〉 ∈ T . We remark that the
restriction gives a map R : Bdlε,UP (X)T → Crd
ε
P (X)T .
Let qRep
ε,G
P (Γ) denote the set of (ε,G)-representation which takes value in
GL(P )ε instead of U(P ). In [CD18], Carrio´n and Dadarlat construct maps
αCD : Crd
ε
P (X)→ qRep
C′10ε,G
P (Γ)T , βCD : qRep
ε,G
P (Γ)→ Crd
C′10ε
P (X),
which is compatible with our α and β in the sense that
• d(v,v′)− 2ε ≤ d(R(v),R(v′)) ≤ d(v,v′) for any v,v′ ∈ Bdlε,UP (X),
• αCD ◦ R(v) = α(v) for any v ∈ Bdl
ε,U
P (X),
• d(R ◦ β(π), βCD(π)) < (C
′
10 + 8)ε for π ∈ qRep
ε,G
P (Γ).
Here, the second is obvious from the constructions (compare [CD18, Defi-
nition 4.2] with Definition 6.6) and the third follows from βCD(π)µν(xµν) =
π(γµν) (which is obvious from the construction [CD18, Definition 5.3]) and
the inequality ‖vπµν(x) − π(γµν)‖ < 4ε remarked above. Now, the lemma
follows from [CD18, Theorem 3.1, Theorem 3.3]. 
Lemma 6.9. Let ∆I : U(P )→ U(P )
I denote the diagonal embedding. There
is a constant C11 = C11(U) depending only on U such that the following hods:
(1) Let π1, π2 ∈ qRep
ε,G
P (Λ). If there exists u ∈ Homε(π1, π2), then
∆I(u) ∈ U(P ) is contained in HomC11ε(β(π1), β(π2)).
(2) Let v1,v2 ∈ Bdl
ε,U|Y
P (Y )T . If there exists u ∈ Homε(v1,v2), then
‖uµ − uν‖ ≤ C11ε and uµ ∈ HomC11ε(α(v1), α(v2)).
Proof. To see (1), let vi := β(πi). By Lemma 6.8, we have
d(v1,u·v2) = d(β(π1), β(Ad(u)◦π2)) < C8ε+d(π1,Ad(u)◦π2) = (C10+1)ε.
This means that ∆I(u) ∈ Hom(C10+1)ε(v1,v2).
Next we show (2). If 〈µ, ν〉 ∈ T , we get
‖uµ − uν‖ ≤ ‖uµv
1
µν(xµν)u
∗
ν − 1‖+ ‖uµ(v
1
µν(xµν)− 1)‖ < 2ε
and hence ‖uµ − uν‖ < 2 diam(T )ε. Therefore we have
d(π1,Ad(uµ) ◦ π2) = d(α(v1), α(∆I(uµ) · v2))
≤ d(v1,u · v2) + d(u · v2,∆I(uµ) · u2) + C10ε
≤ (1 + 2diam(T ) + C10)ε.
Now the proof is completed by choosing C11 := C10 + 1 + 2diam(T ). 
Definition 6.10. Let us fix µ0 ∈ I and let C12 = max{C9, 8, C11}. We
define two maps
α : Bdlε,UP,Q(X,Y )T → qRep
C12ε,G
P,Q (Γ,Λ),
β : qRepε,GP,Q(Γ,Λ)→ Bdl
C12ε,U
P,Q (X,Y )T ,
by
α(v1,v2,v0,u) = (α(v1), α(v2), α(v0), uµ0),
β(π1, π2, π0, u) = (β(π1), β(π2), β(π0),∆I(u)).
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We define the metric on Bdlε,UP,Q(X,Y ) and qRep
ε,G
P,Q(Γ,Λ) by
d(v, v′) := max{d(v1,v
′
1), d(v2,v
′
2), d(v0,v
′
0), d(u,u
′)}
d(pi,pi′) := max{d(π1, π
′
1), d(π2, π
′
2), d(π0, π
′
0), d(u, u
′)}.
Lemma 6.11. If v, v′ ∈ Bdlε,UP,Q(X,Y ) satisfies d(v, v
′) < ε, then v1 and v2
are homotopic in the space Bdl
(4C1+1)ε,U
P,Q (X,Y ).
Proof. By Lemma 3.4, there are {u¯iµ} for i = 1, 2, 0 such that u¯
i
µv
i
µν(u¯
i
ν)
∗ =
(v′)iµν and ‖u¯µ−1‖ < C1ε. Since u¯ is near to the identity, u¯
i,s
µ := exp(s log(u¯iµ))
is a unitary-valued functions such that ‖u¯i,sµ − 1‖ < C1ε. Then
({u¯1,sµ v
1
µν(u¯
1,s
ν )
∗}µ,ν , {u¯
2,s
µ v
2
µν(u¯
2,s
ν )
∗}µ,ν , {u¯
0,s
µ v
0
µν(u¯
0,s
ν )
∗}µ,ν , u)
is a continuous path in Bdl(4C1+1)ε,U (X,Y ) connecting v with (v′1,v
′
2,v
′
0,u).
Also, us = {u
s
µ := uµ exp(s log(u
∗
µu
′
µ))}µ∈I is a continuous path connecting u
with u′ such that ‖usµ−u
′
µ‖ < ε, which makes (v
′
1,v
′
2,v
′
0,us) to a homotopy
of (3ε,U)-flat bundles. 
Theorem 6.12. Let (X,Y ) be a finite simplicial complex and let Γ := π1(X)
and Λ := π1(Y ).
(1) For v, v′ ∈ Bdlε,UP,Q(X,Y )T , we have d(α(v),α(v
′)) ≤ d(v, v′) + C10ε
and d(β ◦α(v), v) ≤ C11ε.
(2) For pi,pi′ ∈ qRepε,GP,Q(Γ,Λ), we have d(β(pi),β(pi
′)) ≤ d(pi,pi′)+C10ε
and d(α ◦ β(pi),pi) ≤ C11ε.
Proof. It follows from Lemma 6.8 and Lemma 6.9. 
Corollary 6.13. If there is a continuous map f : (X1, Y1)→ (X2, Y2) which
induces the isomorphism of fundamental groups, then K0s-af(X1, Y1;A) is in-
cluded to f∗K0s-af(X2, Y2;A). In particular, if (BΓ, BΛ) has the homotopy
type of a pair of finite CW-complexes, then K0s-af(X,Y ;A) ⊂ f
∗K0(BΓ, BΛ;A),
where f is the reference map.
Proof. For sufficiently small ε > 0, let v ∈ Bdlε,U1P,Q (X1, Y1) be a representative
of ξ ∈ K0s-af(X1, Y1;A). By Remark 3.10 and Lemma 6.5, we may assume
without loss of generality that v is normalized on T . Here we write αX,Y
and βX,Y for the map α and β with respect to the pair (X,Y ). Then,
v˜ := βX2,Y2 ◦ αX1,Y1(v) is a (C12(U1)C12(U2)ε,U2)-flat bundle on (X2, Y2)
which satisfies d(v, f∗v˜) < C11(U)ε. Hence [v] = f
∗[v˜] by Lemma 6.11. 
Remark 6.14. Let (X,Y ) be a pair of finite CW-complexes with π1(X) := Γ
and π1(Y ) := Λ and let U be an open cover of (X,Y ). Assume that the
induced map Λ→ Γ is injective. Then the double Xˆ := X⊔Y Y × [0, 1]⊔Y X
has the fundamental group Γ∗ΛΓ by the van Kampen theorem. We associate
an open cover Uˆ of Xˆ to U as
Uˆ = {Uµ,i := q
∗
i Uµ ∩X
◦
i }(µ,i)∈I×{1,2},
where X1 := X ⊔Y × [0, 1], X2 := Y × [0, 1]⊔X and qi : Xi → X for i = 1, 2
are canonical retractions. Let Gˆ ⊂ Γ ∗Λ Γ denote the union of two copies of
GΓ ⊂ Γ.
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In this setting, there is a correspondence
Bdlε,UP (X,Y )
//
α

Bdlε,UˆP (Xˆ)
α

oo
qRepε,GP (Γ,Λ)
//
β
OO
qRepε,GˆP (Γ ∗Λ Γ),
β
OO
oo
which commutes up to small perturbations. This is a counterpart in almost
flat geometry of the higher index theory of invertible doubles studied in
[Kub18, Section 5].
• We fix a point xµν ∈ Uµν ∩ Y for each µ, ν ∈ I with Uµν ∩ Y 6= ∅.
For vˆ ∈ Bdlε,UˆP (Xˆ), let vi := {vˆ(µ,i)(ν,i)|q∗i Uµν∩X}µ,ν∈I for i = 1, 2 and
u := {uµ := vˆ(µ,1)(µ,2)(xµν)} for µ, ν ∈ I with Uµν ∩ Y 6= ∅. Then
(v1,v2,u) is a relative (ε,U)-flat bundle on (X,Y ).
• For v = (v1,v2,u) ∈ Bdl
ε,U
P (X,Y ), pick u¯ ∈ GC1ε(u) by Lemma 3.4.
Then vˆ = {vˆ(µ,i)(ν,j)} given by
vˆ(µ,i)(ν,j) :=


(q∗1v
i
µν)|q∗1Uµν∩X◦i if i = j,
q∗1(v
2
µν u¯ν)|q∗1Uµν∩Y×(0,1) if i = 1, j = 2,
q∗1(v
1
µν u¯
∗
ν)|q∗1Uµν∩Y×(0,1) if i = 2, j = 1,
is a ((C1 + 1)ε, Uˆ)-flat bundle on Xˆ.
• For a (ε, Gˆ)-representation πˆ of Γ ∗Λ Γ, let π1 and π2 denote its
restrictions to the first and second copies of Γ. Then, π 7→ (π1, π2, 1)
gives a map from qRepε,GˆP (Γ ∗Λ Γ) to qRep
ε,G
P (Γ,Λ).
• For pi ∈ qRepε,GP (Γ,Λ) of the form (π1, π2, 1), a (2ε, Gˆ)-representation
πˆ of Γ ∗Λ Γ constructed in the following way. Pick a set theoretic
section τ : Γ ∗Λ Γ→ Γ ∗ Γ and let πˆ(γ) := (π1 ∗ π2)(τ(γ)). Then πˆ is
a (2ε, Gˆ)-representation of Γ ∗Λ Γ.
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